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We review three methods of counting abelian orbifolds of the form C3/Γ which are toric Calabi-Yau (CY).
The methods include the use of 3-tuples to define the action of Γ on C3, the counting of triangular toric
diagrams and the construction of hexagonal brane tilings. A formula for the partition function that counts
these orbifolds is given. Extensions to higher dimensional orbifolds are briefly discussed.
1 Introduction
Orbifolds have played a pivotal role in both mathematics and string theory. Born in mathematics from
discussions of manifolds and quotient spaces [1, 2], orbifolds were embraced as an avant-garde subject in
string theory. The key advance was the idea of compactifying string theory on orbifolds [3, 4]; this has
been promptly recognized as offering new possibilities to the community. A myriad of work and interest
followed, ranging from applications in conformal field theories [5] and heterotic string theory [6], to cosmic
strings [7].
More recently, orbifolds gained prominence through the subject of brane resolutions of Calabi-Yau
moduli spaces. D3-branes which probe non-compact abelian orbifolds of C3 [8–12] have a world volume
theory which is a (3 + 1)-dimensional quiver gauge theory [13, 14]. In M-theory, works by Bagger-
Lambert [15–17], Gustavsson [18, 19] and Aharony-Bergman-Jafferis-Maldacena (ABJM) [20], led to the
investigation of M2-branes which probe orbifolds of C4. The world volume theory of M2-branes on
orbifolds is a N = 2 (2 + 1)-dimensional quiver Chern-Simons theory [21–23].
Looking back at the past study of orbifolds, one notices that there have been relatively few systematic
studies on enumerating orbifolds. For instance, taking branes on orbifold singularities, it is widely known
that there are two abelian orbifolds of the form C3/Γ at order |Γ| = 3, which are C3/Z3 – sometimes
known as the cone over dP0 – and C2/Z2 × C. An unanswered question has been how many distinct
abelian orbifolds of C3 there are for an arbitrary order of Γ.
We review the systematic study of abelian orbifolds of the form Cd/Γ with Γ being a finite abelian
subgroup of SU(d). We count these orbifolds according to the order of the group Γ. These orbifolds are
toric Calabi-Yau (CY) singularities. Particular attention shall be drawn to the case d = 3.
The three methods of counting orbifolds which are discussed are:
• Using 3-tuples that specify actions of the generators of Γ on C3. There are some technical details
which make this approach difficult. Full details of this method are given in Section 2
• Exploiting the toric description of abelian orbifolds. Abelian orbifolds of C3 correspond to triangles
on a Z2 lattice. The counting of orbifolds using this method is covered in Section 3.
• Counting all possible Brane Tilings that can be constructed using only hexagons. A Brane Tiling (or
Dimer Model) is a graphical representation of the world volume theory of a D3-brane that probes a
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toric singularity [24–30]. Brane tilings formed from only hexagons have a moduli space which is an
abelian orbifold of C3. The details of this method can be found in Section 4.
All three of the methods above are found to give an identical counting of orbifolds of the form C3/Γ.
The counting is given explicitly in Section 5. A formula for the partition function that counts these orbifolds
is also given [31]. A discussion on generalizing the above methods to count higher dimensional orbifolds
of the form Cd/Γ for d > 3 is given. Full details of the methods described in this review can be found
in [32].
2 Counting Orbifolds Using 3-tuples
A method of counting orbifolds of C3 using a collection of 3-tuples is described in this section. Let us
consider the quotient formed when Γ, a finite abelian subgroup of SU(3), acts on the space C3. The
resulting space is a toric non-compact Calabi-Yau (CY) singularity.
As the group Γ is abelian, the most general form can be written as the product Γ = Zn1 × Zn2 with
|Γ| = n1n2. Let g be a generator of one of the Zni . Then the corresponding representation is given by
g =
 e
i2pia1
ni 0 0
0 e
i2pia2
ni 0
0 0 e
i2pia3
ni
 = Diag(e i2pia1ni , e i2pia2ni , e i2pia3ni ) (1)
The action of the group Zni is therefore encoded by three integer parameters ai which satisfy (a1 + a2 +
a3) = 0 (mod ni). We can keep track of this action in a 3-tuple (a1, a2,−a1 − a2). A list of these
3-tuples, each defining an action for a Zni , can be used to define an orbifold action for a composite group
Γ.
One way in which one can count orbifolds is to simply consider all possible collections of 3-tuples that
can form an action. One must then take into account that the same geometry could be defined by two
different collections of 3-tuples.
2.1 Over-counting Issues
There are different ways in which a set of 3-tuples that define an orbifold action can give rise to the same
geometry. Let the following summarize the ambiguity:
• There is a freedom of choosing the parameterization of C3 by the coordinates zi. One should consider
two quotients equivalent if they are related to each other by a permutation of these coordinates.
• The generators of each Zni are not necessarily unique. For instance, if one considers a generator g ∈
Z5 then g2, g3 and g4 are all generators of the group Z5. Therefore if one has a 3-tuple (a1, a2, a3) that
defines the action of some group Zn on C3 then, for λ co-prime to n, the 3-tuple λ(a1, a2, a3) defines
an equivalent orbifold action. The convention used here is to only consider 3-tuples (a1, a2, a3) that
satisfy gcd(a1, a2, a3) = 1.
• If p and q are co-prime, Zp × Zq = Zpq . Therefore orbifolds of composite order can be equivalent to
orbifolds formed by a single Zn acting on C3.
2.2 An Example - C3/Z3
To explicitly illustrate some of the issues that are discussed above, let us consider the example of abelian
orbifolds of the form C3/Γ for |Γ| = 3. The only abelian subgroup of SU(3) of order 3 is Z3. By
enumerating all 3-tuples that correspond to orbifolds actions of Z3, one finds that there are 7 such 3-tuples.
These are given in Table 1. After consideration of the over-counting issues given in Section 2.1, it can be
3Orbifold Name Orbifold Action
C2/Z3 × C
(0, 1, 2)
(0, 2, 1)
(1, 0, 2)
(2, 0, 1)
(1, 2, 0)
(2, 1, 0)
Orbifold Name Orbifold Action
C3/Z3 (1, 1, 1)
Table 1 The two distinct orbifolds of the form C3/Γ at order |Γ| = 3.
deduced that there are 2 distinct abelian orbifolds of C3 at order 3. One orbifold has the orbifold action
(0, 1, 2) and is known in the literature as C2/Z3×C. The other orbifold has the action (1, 1, 1) and is often
referred to as C3/Z3 or as the cone over the del Pezzo 0 (dP0) surface.
2.3 Consideration of C3/(Zn × Zm)
When considering orbifolds corresponding to groups of composite order, two 3-tuples must be used to
keep track of the orbifold action of the abelian product group. A detailed discussion for this case is given
in [32].
3 Counting Orbifolds using the Toric Description
A second way in which it is possible to count abelian orbifolds of C3 is to use their toric description [33].
A toric Calabi-Yau 3-fold can be represented by a convex polygon in a Z2 lattice. Two such polygons
correspond to the same manifold if and only if they are related to each other by a GL(2,Z) transformation.
Abelian orbifolds of C3 are toric and have lattice triangles as their toric diagrams. Therefore it is possible
to count distinct abelian orbifolds of C3 by considering all triangles in a Z2 lattice that are not related to
each other by a GL(2,Z) transformation.
The area of a toric triangle in Z2 equals the order of the group, |Γ|, in C3/Γ. Therefore, to count
orbifolds according to |Γ|, all toric triangles of area |Γ| must be generated first. This can be done by
multiplying each of the vectors that represent the vertices of a unit triangle by 2×2 integer valued matrices
of determinant |Γ|.
As an example, it is possible to generate triangles of area 2 by using integer valued 2 × 2 matrices of
determinant 2. One could multiply each of the vectors {(00), (10), (01)} by the matrix (1 00 2) to get the vectors
{(00), (10), (02)} which corresponds to a triangle of area 2 in a Z2 lattice,
×
(
1 0
0 2
)
= . (2)
The 2 × 2 matrices one has to consider in order to cover all possible toric triangles of a given area are
in Hermite Normal Form (HNF).
3.1 Hermite Normal Form
An upper triangular 2× 2 integer valued matrix of the form
M =
(
a b
0 c
)
, (3)
where detM = ac and 0 ≤ b < c is said to be in Hermite Normal Form (HNF). All 2 × 2 integer valued
matrices can be written as the product of a HNF matrix and a matrix inGL(2,Z). There are a finite number
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of integer valued matrices in HNF with any fixed determinant. Therefore, when generating triangles of a
given area |Γ| = detM , one only needs to consider this finite list of matrices in HNF in order to cover all
distinct triangles.
3.2 An Example - C3/Z3
Let us consider again the orbifolds of C3 at order |Γ| = 3. The HNF matrices of determinant 3 and the
corresponding toric triangles are
(
1 0
0 3
)
︸ ︷︷ ︸ ,
(
1 1
0 3
)
︸ ︷︷ ︸ ,
(
3 0
0 1
)
︸ ︷︷ ︸ ,
(
1 2
0 3
)
︸ ︷︷ ︸ . (4)
Each of the triangles in (4) have an edge which is parallel to the x-axis because all 2× 2 matrices in HNF
have a lower left entry which is zero. One observes that there are two distinct abelian orbifolds of C3 at
order |Γ| = 3, which are summarised in Table 1.
4 Counting Orbifolds using Brane Tilings
A third way in which one can count abelian orbifolds of C3 is by using an object called the brane tiling
[35–37]. Brane tilings are periodic bipartite graphs on the plane. They are used to describe quiver gauge
theories which are world-volume theories of a D3-brane probing a toric CY singularity. Table 2 shows the
dictionary between a brane tiling and the quiver gauge theory.
Brane Tiling String Theory Gauge Theory
Face D5-branes Gauge group
Edge between two String stretched between D5- Bifundamental chiral multiplet
faces branes branes through NS5 brane
k-valent vertex Region where k strings Interaction between k chiral
interact locally. multiplets, i.e. Superpotential
term of order k
Table 2 Dictionary for translating between a brane tiling, string theory and gauge theory [25].
Brane tilings formed from only hexagonal faces correspond to gauge theories whose moduli space is an
abelian orbifold of C3. The number of distinct faces or gauge groups in the corresponding quiver gauge
theory is the order |Γ| of the orbifold. Therefore, by counting all possible distinct hexagonal brane tilings
formed by |Γ| hexagons, one also counts abelian orbifolds of the form C3/Γ [38].
54.1 An Example - C3/Z3
Let us consider again the abelian orbifolds of C3 at order |Γ| = 3. Starting with 3 distinct hexagons which
we label from 1 to 3, one finds the following brane tiling constructions
︸ ︷︷ ︸
C×C2/Z3
︸ ︷︷ ︸
C3/Z3
(5)
where one observes that there are two distinct brane tilings which precisely corresponds to the orbifolds of
the form C× C2/Z3 and C3/Z3 as summarized in Table 1.
5 Explicit Counting
The methods given above are used to count abelian orbifolds of C3. These three methods are equivalent
and give the same counting. Let the number of orbifolds of the form C3/Γ at order |Γ| = n be f(n). The
first 50 values of f(n) are given in Table 3.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
f(n) 1 1 2 3 2 3 3 5 4 4 3 8 4 5 6 9 4 8
n 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34
f(n) 5 10 8 7 5 15 7 8 9 13 6 14 7 15 10 10
n 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50
f(n) 10 20 8 11 12 20 8 18 9 17 16 13 9 28 12 17
Table 3 The number of orbifolds of C3/Γ for n = 1, . . . , 50
By writing the sequence f(n) in terms of a partition function F (t) =
∑
f(n)tn, one finds the formula
[31]
F (t) =
∞∑
m=1
[
1
(1− tm) (1 + t2m) (1− t3m) − 1
]
. (6)
6 Conclusions and Extensions
We reviewed three methods of counting abelian orbifolds of C3. The methods involve the use of 3-tuples
which encode the action of the quotienting group Γ, the use of the toric description of the abelian orbifolds,
and the use of hexagonal brane tilings which encode the corresponding quiver gauge theory.
Two of these methods which use tuples and toric diagrams can be generalised to count any higher di-
mensional abelian orbifold of Cd with d > 3 [32, 39]. One can extend the idea of a 3-tuple that defines
an action of a cyclic group on C3 to a d-tuple that defines the action of a cyclic group on Cd. It is also
possible to use toric data to count orbifolds of Cd. For instance, to count the abelian orbifolds of C4,
one must count distinct tetrahedra in a Z3 lattice of a volume |Γ|. Higher dimensional simplices must be
considered to count orbifolds of Cd for d > 4. Currently, it is not well understood how to extend the idea
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of the brane tiling to describe and count all abelian orbifolds of C4 in the context of Chern-Simons gauge
theories. A promising solution may be provided by brane crystals [40] which may be able to describe all
distinct abelian orbifolds of C4.
Acknowledgements
R.-K. S. likes to thank his parents for their encouragement and support. He would also like to thank David
Weir.
References
[1] I. Satake, Proc. Natl. Acad. Sci. USA. 1956 June; 42(6): 359363.
[2] W. P. Thurston, “The Geometry and Topologt of Three-Manifolds,” Princeton, 1978.
[3] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, Nucl. Phys. B 261 (1985) 678.
[4] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, Nucl. Phys. B 274 (1986) 285.
[5] L. J. Dixon, D. Friedan, E. J. Martinec and S. H. Shenker, Nucl. Phys. B 282, 13 (1987).
[6] L. E. Ibanez, J. Mas, H. P. Nilles and F. Quevedo, Nucl. Phys. B 301, 157 (1988).
[7] B. R. Greene, A. D. Shapere, C. Vafa and S. T. Yau, Nucl. Phys. B 337, 1 (1990).
[8] M. R. Douglas and G. W. Moore, arXiv:hep-th/9603167.
[9] M. R. Douglas and B. R. Greene, Adv. Theor. Math. Phys. 1, 184 (1998) [arXiv:hep-th/9707214].
[10] M. R. Douglas, B. R. Greene and D. R. Morrison, Nucl. Phys. B 506, 84 (1997) [arXiv:hep-th/9704151].
[11] T. Muto, Nucl. Phys. B 521, 183 (1998) [arXiv:hep-th/9711090].
[12] C. Beasley, B. R. Greene, C. I. Lazaroiu and M. R. Plesser, Nucl. Phys. B 566, 599 (2000) [arXiv:hep-
th/9907186].
[13] I. R. Klebanov and E. Witten, Nucl. Phys. B 536, 199 (1998) [arXiv:hep-th/9807080].
[14] B. S. Acharya, J. M. Figueroa-O’Farrill, C. M. Hull and B. J. Spence, Adv. Theor. Math. Phys. 2, 1249 (1999)
[arXiv:hep-th/9808014].
[15] J. Bagger and N. Lambert, Phys. Rev. D 75, 045020 (2007) [arXiv:hep-th/0611108].
[16] J. Bagger and N. Lambert, Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hep-th]].
[17] J. Bagger and N. Lambert, JHEP 0802, 105 (2008) [arXiv:0712.3738 [hep-th]].
[18] A. Gustavsson, [arXiv:hep-th/0709.1260].
[19] A. Gustavsson, Nucl. Phys. B 811, 66 (2009) [arXiv:0709.1260 [hep-th]].
[20] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP 0810, 091 (2008) [arXiv:0806.1218 [hep-th]].
[21] D. Martelli and J. Sparks, Phys. Rev. D 78, 126005 (2008) [arXiv:0808.0912 [hep-th]].
[22] A. Hanany and A. Zaffaroni, JHEP 0810, 111 (2008) [arXiv:0808.1244 [hep-th]].
[23] A. Hanany and Y. H. He, arXiv:0811.4044 [hep-th].
[24] A. Hanany and K. D. Kennaway, arXiv:hep-th/0503149.
[25] S. Franco, A. Hanany, K. D. Kennaway, D. Vegh and B. Wecht, JHEP 0601, 096 (2006) [arXiv:hep-th/0504110].
[26] M. Yamazaki, Fortsch. Phys. 56, 555 (2008) [arXiv:0803.4474 [hep-th]].
[27] J. Davey, A. Hanany and J. Pasukonis, arXiv:0909.2868 [hep-th].
[28] A. Hanany and D. Vegh, JHEP 0710, 029 (2007) [arXiv:hep-th/0511063].
[29] S. Franco, A. Hanany, D. Martelli, J. Sparks, D. Vegh and B. Wecht, JHEP 0601, 128 (2006) [arXiv:hep-
th/0505211].
[30] K. D. Kennaway, Int. J. Mod. Phys. A 22, 2977 (2007) [arXiv:0706.1660 [hep-th]].
[31] A. Hanany, D. Orlando and S. Reffert, arXiv:1002.2981 [hep-th].
[32] J. Davey, A. Hanany and R. K. Seong, JHEP 1006 (2010) 010 [arXiv:1002.3609 [hep-th]].
[33] W. Fulton, “Introduction to Toric Varieties,” Princeton University Press, 1993.
[34] A. Hanany, D. Vegh and A. Zaffaroni, JHEP 0903, 012 (2009) [arXiv:0809.1440 [hep-th]].
[35] A. Hanany and A. Zaffaroni, JHEP 9805, 001 (1998) [arXiv:hep-th/9801134].
[36] A. Hanany, M. J. Strassler and A. M. Uranga, JHEP 9806, 011 (1998) [arXiv:hep-th/9803086].
[37] A. Hanany and A. M. Uranga, JHEP 9805, 013 (1998) [arXiv:hep-th/9805139].
[38] M. Bernstein, N.J.A. Sloane and P.E. Wright, Discrete Math., 170(1-3):29-39 (1997).
[39] A. Hanany and R. K. Seong, arXiv:1009.3017 [hep-th].
[40] S. Lee, S. Lee and J. Park, JHEP 0705 (2007) 004 [arXiv:hep-th/0702120].
